We investigate the effect of spin-orbit coupling on the in-gap bound states localized at magnetic impurities in multi-band superconductors with unconventional (sign-changed) and conventional (sign-unchanged) s-wave pairing symmetry, which may be relevant to iron-based superconductors. Without spin-orbit coupling, for spinsinglet superconductors it is known that such bound states cross zero energy at a critical value of the impurity scattering strength and acquire a finite spin-polarization. Moreover, the degenerate, spin-polarized, zero energy bound states are unstable to applied Zeeman fields as well as deviation of the impurity scattering strength away from criticality. Using a T-matrix formalism as well as analytical arguments, we show that, in the presence of spin-orbit coupling, the zero-energy bound states localized at magnetic impurities in unconventional, signchanged, s-wave superconductors acquire surprising robustness to applied Zeeman fields and variation in the impurity scattering strength, an effect which is absent in the conventional, sign-unchanged, s-wave superconductors. Given that the iron-based multi-band superconductors may possess a substantial spin-orbit coupling as seen in recent experiments, our results may provide one possible explanation to the recent observation of surprisingly robust zero bias scanning tunneling microscope peaks localized at magnetic impurities in iron-based superconductors provided the order parameter symmetry is sign changing s +− -wave.
I. INTRODUCTION
We are motivated by a recent scanning tunneling microscope (STM) observation of a robust zero bias conductance peak (un-split by an applied magnetic field ∼ 8T ) induced at magnetic impurities in iron-based superconductor Fe 1+x (Te,Se) 1 . Zero-or low-energy sub-gap states bound to magnetic and/or non-magnetic impurities in superconductors are not unusual [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, in spin-singlet superconductors [e.g., s-wave (s ++ , s +− -wave), d-wave, etc], the zero bias peaks localized at impurities are expected to split into a double peak structure on application of a magnetic field. Qualitatively, the splitting of the peak by a magnetic field is due to the fundamental two-fold spin degeneracy of Bogoliubov quasiparticle states in a singlet superconductor. Since the spin of the zero-energy bound states couples to a magnetic field via Zeeman coupling, the zero bias STM peak, if any, gives rise to a double peak structure by application of a magnetic field. Theoretically, a defect-induced zero-energy state can escape splitting by a magnetic field when the state is non-degenerate. A non-degenerate zero energy bound state in a superconductor, on the other hand, is very unusual, and is commonly referred as a Majorana bound state (MBS) that can be realized in a topological superconductor 14, 15 . This has led to the tantalizing conjecture of realizing a topological superconductor and MBS in iron-based superconductors induced by superconductivity, spin-orbit coupling, and local magnetic order induced at isolated magnetic impurities 1 .
Impurity induced in-gap states at non-magnetic and magnetic impurities in iron-based superconductors have been investigated before within a T-matrix approach and the Bogoliubov de-Gennes formalism [5] [6] [7] [8] [9] [10] [11] [12] [13] . In both approaches it has been found that, while for non-magnetic impurities in-gap bound states exist only for unconventional, sign-changed, s-wave superconductors (s +− ), for magnetic impurities such states exist for both sign-unchanged (s ++ ) and sign-changed (s +− ) superconducting ordering symmetries. For magnetic impurities, with increasing strength of the impurity potential, a pair of spin-polarized in-gap bound states cross zero energy at a quantum phase transition at a critical value of the scattering potential. Moreover, the pair of zero energy bound states at the critical scattering strength, owing to finite spin-polarizations, are unstable to applied Zeeman fields, which split them into a pair of positive and negative energy in-gap states, producing a double peak structure in tunneling experiments. Thus, within this conventional picture of impurity scattering in ironbased superconductors [5] [6] [7] [8] [9] [10] [11] [12] [13] , zero bias STM peaks at magnetic impurities that remain unsplit by magnetic fields ∼ 8T cannot be explained, irrespective of whether the superconducting ordering symmetry is assumed to be s +− or s ++ -wave. More recently, Ref. [16] has attempted to explain the robustness of zero bias STM peaks at magnetic impurities in iron-based superconductor Fe 1+x (Te,Se) 1 in terms of a Z 2 topological mirror order and s +− superconducting order symmetry. In other recent work, Ref. [17] has attempted to explain the same experiments 1 within a so-called 'tunneling impurity' formulation, in which the magnetic impurity is assumed to be coupled to the underlying Fe lattice only by hoping terms, but no exchange interaction, in spite of the fact that the impurity possesses a non-zero local magnetic moment. In this paper we show that the zero-energy bound states localized at magnetic impurities in sign changing s +− -wave superconductors (but not in sign unchanged s ++ -wave superconductors) can be surprisingly robust to perturbations such as Zeeman fields and variations in the impurity scattering strength in the presence of spin-orbit coupling. Given that a substantial spin-orbit coupling (∼ 5−10 meV) may be present in all the classes of iron based superconductors as seen in recent experiments 18 , our work provides an alternative explanation of robust STM peaks in iron-based superconductor Fe 1+x (Te,Se) 1 which remain unsplit even by a magnetic field as high as ∼ 8T without having to invoke exotic physics such as topological superconductivity 1, 16 and/or absence of exchange coupling of magnetic impurity with the underlying Fe lattice 17 . In addition, our work fills the gap of analyzing the effects of spin-orbit coupling on magnetic impurity induced Yu-Shiba-Rusinov (YSR) states [19] [20] [21] in unconventional and conventional s-wave superconductors.
In our calculations, the key to the robustness of magnetic impurity induced zero energy bound states in multi-band unconventional s-wave superconductors is a non-zero spin-orbit coupling (SOC), which has so far been neglected in the analysis of YSR states in multi-band superconductors. In recent high resolution ARPES experiments, substantial SOC (∼ 5 − 10 meV) has been detected in all the families of ironbased superconductors via the observation of SOC-induced Fermi surface splitting 18 . With a minimal modeling of the band Hamiltonian in the presence of SOC we are able to show that a robust zero bias state (ZBS) is induced at magnetic impurities in iron-based superconductors provided the symmetry of the superconducting order parameter is sign-changing s +− -wave. The robustness of the ZBS due to SOC can be intuitively understood as resulting from the suppression of the superconducting gap by SOC in the s +− case and the properties of impurities in nearly isotropic gap superconductors [19] [20] [21] . As shown in Fig. 1 , SOC produces a finite Fermi surface splitting that pushes one Fermi surface towards the X-point and the other towards the Γ-point of the Brillouin zone. On the other hand, for s +− pairing, the pairing potential changes sign between these two points in the Brillouin zone. Therefore, with one Fermi surface moving towards the X-point, the pairing amplitude on that Fermi surface is suppressed. As a result, one of the Fermi surfaces in s +− -wave superconductors in the presence of SOC would have a smaller gap. This suppressed gap is still quite isotropic and as shown in the Appendix, for such isotropic Fermi surfaces, one can prove that a magnetic impurity will support localized sub-gap bound states just as in the case of the Yu-Shiba-Rusinov states [19] [20] [21] . However, if the gap is suppressed by SOC, then the impurity-induced sub-gap state is pinned to live inside the smaller gap, even in the presence of a magnetic field, explaining the robustness of the zero bias peak to substantial magnetic fields. On the other hand, the magnitude of conventional s ++ pairing gap does not renormalize in the presence of SOC. Thus, the s ++ superconductor does not provide the robust zero-energy bound states at magnetic impurities, with zero bias states being strongly affected by the perturbation of a magnetic field even with spin-orbit coupling. Thus, our results, in addition to providing a possible theoretical explanation of robust zero bias conductance peaks in iron-based superconductors 1 without having to invoke exotic physics such as topological superconductivity 1, 16 or absence of exchange coupling between magnetic impurity and the underlying Fe lattice 17 , also helps in identifying the relevant symmetry of the superconducting order parameter of iron-based superconductors as sign-changing s +− -wave. The paper is organized as follows: In Sec. II, we introduce the model Hamiltonian and the formalism. The robustness of the zero-energy bound states induced by a single magnetic impurity with and without spin orbit coupling is investigated in Sec. III. Then, we present the effects of the multiple magnetic impurities in Sec. IV. Finally, a conclusion is given in Sec. V. Some technical details pertaining to the analytical calculations of the robustness are relegated to the Appendix.
II. MODEL AND FORMALISM
We start with a mean-field Hamiltonian for the iron-based superconductor using the two-orbital model (d xz and d yz ) on the two-dimensional Fe square lattice 24 ,
Here, H 0 is the tight-binding Hamiltonian in the superconducting state, including intra-and inter-orbital hopping integrals
where c † iασ
creates an electron with spin σ in the orbitals α = 1 (d xz ) and 2 (d yz ) at site i. Following earlier work 5 , we take the values of the nearest-neighbor hopping matrix elements as t = t 4 with t 3 = t 4 = 0.85t 1 . We have taken t 1 = 10 meV as the energy units and lattice constant a = 1. The chemical potential µ = 1.65t 1 is adjusted to give a fixed filling factor n e 2.1 per site 5 . We have checked that the main result of this paper -robust zero energy states at magnetic impurities in s +− superconductors in the presence of spin-orbit coupling -is robust to variations in these parameters as long as the superconducting order parameter symmetry is sign changing s +− -wave. The Fermi surfaces consist of the hole pockets at Γ and M points and the electron pocket at X point in the unfolded Brillouin Zone [ Fig. 1(a) ] without SOC.
The pairing Hamiltonian H pair is given by
where ∆ α (i, j) is a mean-field superconducting order parameter. We focus on the unconventional sign-changed s +− pairing symmetry so that
We can rewrite the Hamiltonian in the momentum space as
and Ψ k is an 8-dimensional Nambu spinor Ψ andτ i act on the orbital, the particle-hole and the spin spaces, respectively. Then, the order parameter ∆ k = ∆ 0 cos k x cos k y for s +− pairing, and the dispersions ξ
The second term in the Hamiltonian H mag describes the effects of the magnetic field and SOC. In our work, we consider the out-of-plane magnetic field h ext , and the Rashba-type SOC 26 with an angular momentum
with ν being the strength of SOC.
In this work, we treat the magnetic impurity as a localized spin in the classical limit (S 1) [19] [20] [21] 29 , and the quantum (Kondo) effect of impurity is not under our consideration. In this limit, which has been studied earlier quite extensively for s +− and s ++ superconductors in the absence of spin-orbit coupling [5] [6] [7] [8] [9] [10] [11] [12] [13] , the magnetic impurity is equivalent to the local magnetic moment S. Then the impurity Hamiltonian describes the interaction between the conduction electrons and the impurity spin located at r = 0
where J 1 and J 2 are the intra-and inter-orbital exchange couplings, and the operators s αβ (r) = 1 2 σσ c † rαστσσ c rβσ . Spinrotational symmetry of the system enables us to choose the z axis of the spin degrees of freedom to point in the direction of S. Using the Nambu spinor Ψ k , the impurity Hamiltonian can be rewritten as
. We shall consider the effects of the intra-orbital impurity scattering, thus the strength of the impurity is given by w = S z J 1 .
We perform a numerical study employing a mean-field Tmatrix approximation 4, 30 . In this case, we assume that the spatial variation of the superconducting order parameter can be neglected. Since the impurity interaction is limited to one site, scattering of quasiparticles from the impurity moment is described by a T -matrix,T (ω), whose Fourier transform is independent of wave vectors. Then the single-particle Green's function for an impurity located at r = 0 is given bŷ
, where I is a 8-dimensional identity matrix. The Fermi surfaces in the presence of SOC at zero magnetic field is presented in Fig. 1(b) . The helicity bands remove the degeneracies of the electron spin in the electronlike and holelike pockets. WithĜ (0) (r, ω) in hands, the T -matrix can be obtained from the Lippmann-Schwinger equation
Note that as far as the spatial variation of order parameter can be neglected, these equations allow a complete solution of the problem.
The nature of the magnetic impurity induced bound states can be found by computing the spin-resolved local density of states (LDOS)
of which the poles give the energy spectra of single-particle excitations, and consist of those of theĜ 0 and the T matrix. The poles of T -matrix signifies the emergence of the impurity induced states. It is known that a strong scattering yields localized states deep in the gap, while a weak scattering results in bound states close to the gap edge 4 . For the case of a quantum spin, one needs to address the Kondo effect [31] [32] [33] . However, following earlier work on s-wave superconductors including s +− and s ++ 5-13 , in this work, we treat the magnetic impurity as a classical spin using a meanfield T -matrix approximation approach. In this case the main effect of the exchange coupling between the local moment S and electron spin is the renormalization of the effective scattering potential for electrons of two different spin orientations, and so there are four impurity induced in-gap states, one for each electron-spin orientation in each d xz (α = 1) and d yz (α = 2) orbitals. It is noteworthy that the degeneracy between two orbitals, d xz and d yz , cannot be removed by the magnetic field and the SOC as well, thus we omit the notation of α in the spin-resolved LDOS throughout this paper.
III. SINGLE MAGNETIC IMPURITY
We begin with the effects of the applied magnetic field and SOC on the in-gap bound states induced by a single magnetic impurity for the sign changed s +− -wave iron-based superconductor. Fig. 2 w = w c (ν = 0.5t 1 ) for a finite temperature T = 1.5 K below the superconducting critical temperature T c . For a weak impurity scattering w < w c , the ground state has time-reversed pairs of single-particle in-gap states ±Ω. As w increases, the energies ±Ω approach the chemical potential and, eventually, at the critical scattering strength w = w c , it becomes a zero energy state, or zero-energy bound state (ZBS) [2] [3] [4] [5] . Fig. 2 (a) and (d) show the ZBSs for both spins (σ =↑ and σ =↓) with zero magnetic field applied, h ext = 0. In the absence of SOC (ν = 0), the corresponding zero bias peaks (ZBPs) in the LDOS at h ext = 0 begin to split with increasing magnetic field h ext . Fig. 2(b) and (c) illustrate the Zeeman splitting by the applied magnetic fields h ext = 0.06∆ 0 (∼ 4 Tesla) and h ext = 0.12∆ 0 (∼ 8 Tesla), respectively. In contrast, the presence of SOC (ν = 0.5t 1 ∼ 5 meV) dramatically reduces the Zeeman splitting and makes the ZBPs robust to the magnetic field [ Fig. 2(e) and (f) ]. Note that SOC ∼ 5 − 10 meV may not be unrealistic in iron based superconductors as seen in recent high resolution ARPES experiments 18 . It is noteworthy that the ZBSs localized at the impurity site in the presence of SOC remain pinned to zero energy even in a magnetic field 0.12∆ 0 ∼ 8 Tesla. It is in good agreement with the experimental observations 1 . We believe that the robust ZBS is a strong signature of the presence of SOC in the system. Note, however, the low energy quasiparticle states inside the gap in the clean system (green and magenta) even at h ext = 0 [ Fig. 2(d) ,(e),(f)]. They exist because a finite SOC reduces the magnitude of the superconducting gap, as discussed in the introduction, and with a finite SOC ν = 0.5t 1 = 5 meV the system is a nodal superconductor. As discussed in the introduction (also see below and the Appendix for more details), the reduction of the magnitude of the superconducting gap in s +− (but not in s ++ ) superconductors with SOC is the key effect responsible for the increased robustness of magnetic impurity induced ZBSs to applied Zeeman fields. Later we will show that in a system with a finite concentration of magnetic impurities as in the experiments 1 , the low energy quasiparticle density which effectively reduces the gap can naturally arise from YSR states bound to the nearby impurities. In this case, the ZBSs localized at impurity sites are robust to applied magnetic fields (as well as to variations in the impurity potential) even for smaller values of SOC (ν = 0.25t 1 = 2.5 meV), corresponding to which the clean system has a full gap. This demonstrates that our results are robust and do not depend on the specific values of the parameters, as long as there is SOC and a finite concentration of low energy quasiparticles at the impurity sites as in the experiments.
The robustness of the ZBS due to SOC is attributed to a combined effets of suppression of the superconducting gap by SOC in the s +− case and the properties of magnetic impurities in nearly isotropically gapped superconductors. As seen in Fig. 1 , SOC produces a relatively large spin splitting that pushes one Fermi surface towards the X-point and the other towards the Γ-point in the Brillouin zone. On the other hand, in s +− pairing, the pairing potential changes sign between these two points. Therefore, as one Fermi surface moves towards the X-point, the pairing amplitude is suppressed, so that one of the Fermi surfaces would have a smaller gap. This suppressed gap is still quite isotropic and as shown in the appendix, for such isotropic Fermi surfaces, one can prove that an infinitesimal magnetic impurity will support sub-gap states just as in the case of the YSR states [19] [20] [21] . However, if the gap is suppressed by SOC, then the impurity-induced sub-gap state is pinned to live inside the smaller gap, even in the presence of a magnetic field, explaining the robustness of the ZBP to substantial magnetic fields. Since the coherence peaks from the larger gapped Fermi surfaces are expected to be larger, the smaller gap could appear as a pinned peak inside the larger gap.
IV. MULTIPLE MAGNETIC IMPURITIES
Now we consider the robust ZBSs induced by the multiple magnetic impurities for s +− -wave superconductor in the presence of SOC. This addresses the so-called class-D antilocalization mechanism. The case of a large number of bound states to magnetic impurities in a superconductor with SOC is described by random-matrix theory in symmetry class D 22 . This symmetry class shows no level repulsion at zero energy. Because of this, the disorder averaged density of states (or the density of states of a large number of weakly localized bound states) is expected to show a peak at zero energy quite gener- ically independent of the magnetic field 23 . Specifically, in the present context, nearby multiple Shiba impurities provide a second mechanism (aside from SOC) of reducing the magnitude of local gap near a given magnetic impurity. By the argument given in the appendix, the zero bias peak at the given impurity will then stay pinned at zero energy even if the value of SOC is smaller, provided there is overlap of wave functions from states localized at nearby impurities. This demonstrates that our results are robust to specific values of SOC. Below we explore this mechanism numerically by introducing multiple Shiba impurities.
For numerical analysis, we consider 8 impurities arranged in the shape of a square with the nearest neighbors separated by d/2 = 6 lattice sites (various other arrangements of impurities give qualitatively the same results). For this multipleimpurity problem, the Green's function, Eq. (7), is modified to include the scattering from the neighboring impurities r I :
where δr I = r − r I runs for all impurities in the system, and
is the 8×n imp -matrix with n imp being the number of the impurities in the system. In Fig. 3 , we present the spin-resolved LDOS N σ (0, ω) at one of the impurity sites (r I = 0) for clean system (green and magenta lines) and the impurity induced bound states at the critical scattering w c (blue and red lines) with and without SOC. The Zeeman splitting in the absence of SOC is manifest in the shift of each spin component in the LDOS for the clean system with increasing Zeeman field, as shown in Fig. 3(b) and (c) . As the Zeeman field increases, the degeneracy between the two spin components is removed, thus N ↑ and N ↓ split from each other. On the other hand, even weak SOC (ν = 0.25t 1 ) dramatically changes the zero energy bound states, maintaining the ZBS even in the presence of the applied magnetic field ∼ 8 Tesla. Fig. 3(d) shows the appearance of the ZPBs at the critical value of the impurity scattering w = w c (ν) in the presence of SOC ν = 0.25t 1 with no magnetic field applied. Fig. 3 (e) and (f) illustrate the robustness of the ZBSs to the magnetic field h ext .
In addition to robustness to applied magnetic field, in the presence of SOC and low energy quasi-particle states within the gap, the ZBSs in s +− -wave superconductors also become robust to variations in the magnitude of the impurity scattering potential. This is important because without SOC the appearance of the ZBS at magnetic impurity sites in s +− superconductors requires fine tuned scattering potential at criticality w c (ν = 0) 5 . In contrast, SOC enforces the appearance of ZBS in a range of magnetic impurity scattering potential above the critical value w = w c (ν). Fig. 4(b) , (c), (e), and (f) show that the presence of SOC facilitates the emergence of ZBSs in a broad range of the impurity strength, whereas in the absence of SOC, a ZBS is allowed only at the critical impurity scattering w = w c (ν) [Fig. 4(a) and (d) ]. In this plot, to illustrate the impurity strength dependence of the peak positions, N σ is normalized by the height asÑ σ = N σ /max(|N σ |).
In contrast to unconventional sign-changing s +− pairing superconductors, magnetic impurity-induced ZBSs in conven- tional s ++ pairing (s-wave gap of the same sign on both hole and electron pockets) is not robust to applied magnetic fields even in the presence of SOC. Fig. 5 shows the spin-resolved LDOS N σ at a given impurity site (r I = 0) for a spin-orbit coupled superconductor (ν = 0.25t 1 ) with s ++ pairing order parameter (∆ k = ∆ 0 ) for various values of applied magnetic field and the magnitudes of impurity strengths. Fig. 5 (a) shows the appearance of the ZBS at w = w c (ν = 0.25t 1 ) at zero applied magnetic field and (b) shows the pronounced Zeeman splitting of the peaks even in the presence of SOC, which is in stark contrast to the case of s +− pairing as shown in the insets. It is noteworthy that the ZBSs for the s ++ pairing requires fine tuning in the impurity potential even in the presence of SOC. The formation of localized sub-gap bound states at nonmagnetic and magnetic impurity sites in unconventional (s +− ) and conventional (s ++ ) multi-band superconductors have been studied earlier [5] [6] [7] [8] [9] [10] [11] [12] [13] . Similar to the case of Yu-Shiba-Rusinov states [19] [20] [21] in spin-singlet single-band superconductors [2] [3] [4] , it was found earlier that magnetic impurities induce localized zero energy bound states in multi-band s ± and s ++ superconductors. Such zero energy bound states, however, occur at a critical value of the impurity scattering potential and are unlikely to be observed in experiments without fine tuning. Moreover, in analogy to their counterparts in single-band superconductors, the YSR states localized at magnetic impurities in multi-band superconductors are also unstable to applied Zeeman fields. Applied magnetic fields, therefore, are expected to split the magnetic impurity induced STM zero bias conductance peaks, if any, in a double peak structure. In recent experiments 1 , however, robust STM peaks have been observed in a class of iron based superconductors, which remain unsplit even by a magnetic field as high as ∼ 8T . Concurrently, in another set of experiments 18 , a substantial spin-orbit coupling ∼ 5 − 10meV have been observed in all the classes of iron based superconductors in high resolution ARPES experiments. This has prompted us to investigate the effects of spin-orbit coupling on the Yu-Shiba-Rusinov states induced at magnetic impurities in multi-band s ± and s ++ superconductors. Using a numerical T-matrix formalism and supporting theoretical arguments we have shown that robust zero energy bound states (that remain unsplit even by a magnetic field as high as ∼ 8T ) are induced at isolated magnetic impurity sites in multi-band unconventional sign-changed s +− superconductors in the presence of spin-orbit coupling. No such enhancement of robustness by the effects of spin-orbit coupling is present for magnetic impurities in conventional s ++ multi-band superconductors.
The robustness of magnetic impurity induced zero bias states in sign-changing s ± superconductors to variations in the impurity scattering potentials as well as the applied magnetic fields are the consequences of spin-orbit coupling along with low energy quasiparticle states within the superconducting gap. As we have shown, spin-orbit coupling (and also the presence of nearby magnetic impurities) effectively reduces the magnitude of the superconducting gap in s ± (but not in s ++ ) superconductors. Since the impurity induced YSR states are pinned to the sub-gap energies even in the presence of a Zeeman field (see Appendix), the reduction of the superconducting gap (on one of the Fermi surfaces) in s ± superconductors by spin-orbit coupling effectively ensures that the YSR states will remain pinned to zero or low energies in s ± superconductors even in the presence of a substantial magnetic field. As no reduction of the superconducting gap occurs in s ++ superconductors by the effects of spin-orbit coupling, STM zero bias conductance peaks from magnetic impurities in s ++ superconductors remain strongly split by magnetic fields even in the presence of spin-orbit coupling. These simple and intuitive arguments, supported by theoretical and numerical evidence presented in this paper, provides one possible explanation of the recent observation 1 of robust STM zero bias peaks at isolated magnetic impurities in one class of iron-based superconductors, without having to invoke exotic physics such as topological superconductivity 1, 16 and/or the absence of exchange coupling of magnetic impurities with the underlying Fe lattice 17 . It is important to reiterate that we find the zero energy bound states localized at magnetic impurity sites in conventional sign-unchanged (s ++ ) superconductors to be strongly sensitive to applied magnetic fields and variations in the impurity potentials even in the presence of spin-orbit coupling. Thus, our results, in addition to filling the gap of analyzing the effects of spin-orbit coupling on YSR states in multi-band superconductors and providing one possible theoretical explanation of the observation of robust zero bias peaks in iron based superconductors, may help identify the order parameter symmetry of these superconductors as sign-changing s +− wave.
